The formation of a new type of laser-induced periodic surface structures using a femtosecond pulsed laser is studied on the basis of the Sipe-Drude theory solved with a FDTD scheme. Our numerical results indicate the possibility of coexisting stuctures parallel and perpendicular to the polarization of the incident light for low reduced collision frequency (γ/ω < 1/4, where ω is the laser frequency). Moreover, these structures have a periodicity of Λ ∼ λ in both orientations. To explain this behavior, light-matter interaction around a single surface inhomogeneity is also studied and confirms the excitation of two spatially orthogonal modes at low γ/ω values leading to two preferential orientations in the formation process of the structures.
I. INTRODUCTION
Laser-induced periodic surface structures (LIPSSs) are the result of the strong interaction between light and matter near the ablation threshold of metals, semiconductors or dielectrics [1] [2] [3] . The inhomogeneous absorption of energy under the target surface leads to a deeper ablation at the maxima of the electromagetic field and the formation of wavy nanometric structures. With an increasing number of different kinds of observed structures, it has recently become one of the most direct way to study a great variety of complex light-matter interactions on various materials [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . LIPSSs can be categorized by their orientation with respect to the polarization of light and their periodicity Λ compared to the wavelength λ of the incident beam. The most common structures, which have a spatial periodicity of Λ ∼ λ, are orientated perpendicular to the polarization direction and are called low spatial frequency LIPSSs (LSFLs) or ripples. They can be observed, for instance, on strongly absorbing materials (metals or highly ionized semi-conductors/dielectrics). Less absorbing materials lead to structures parallel to the polarization with a periodicity closer to Λ ∼ λ/Re(ñ) whereñ is the complex refractive index. Structures with lower periodicities (Λ < λ/2) are loosely called high spatial frequency LIPSSs (HSFLs) 13 . This definition is ambiguous for Re(ñ) ∼ 2; we thus use the condition Λ < λ/Re(ñ) for HSFLs. Finally, for larger periodicities (Λ > λ), one speaks of grooves 14 . Various mechanisms have been proposed to explain the formation of these structures. The HSFLs formation process is still under debate and several ideas have been proposed since their discovery in the early 2000s. Second harmonic generation 13 , self-organization 15 or different non-linear optical properties 7, 12 are but a few examples. For LSFLs, it is generally accepted that they are the result of the excitation of surface plasmon polaritons (SPPs) 6, 16 , which consist of trapped light at the surface of a conducting material, including ionized dielectrics. They are produced when the indicent light interacts with the surface roughness and have a periodicity slightly smaller than λ, as for LSFLs. The effect of a single pair of SPPs on laser ablation can be observed experimentally by controlling the surface roughness; for instance, by depositing a few nanoparticles on a flattened surface before the laser processing 17, 18 . In this paper, we demonstrate the possibility of the formation of a new type of LIPSSs. A superposition of LSFLs oriented simultaneously in the direction perpendicular and parallel to the polarization of incident light with Λ ∼ λ in both directions resulting in structures similar to a two dimensionnal grid at the target's surface. We refer to these structures as cross-superposed LIPSSs which are different from other observed structures consisting of LSFLs perpendicular to the polarization and HSFLs parallel 19 . First, we introduce the theoretical model and its constituting physical ingredients, the Sipe-Drude theory. Then, the details of our numerical implementation of the finite-difference time-domain (FDTD) algorithm is discussed. We then perform simulations for a wide range of physical parameters. They allow us to confirm the existence of cross-superposed LIPSSs and explain their formation process via the excitation of two spatially orthogonal modes.
II. THE THEORETICAL MODEL
The analytical approach used in the past decades to explain the formation of LIPSSs is the Sipe-Drude theory 2 . The main idea is to solve Maxwell's equations for the propagation of a plane wave through the rough surface of a material with complex permitivity˜ = + i . Conductivity is defined as σ =Im(˜ 1/2 )ω where ω is the angular frequency of the incident light and the relative (real) permitivity is r = / 0 in units of the free-space permitivity 0 . Permeability µ 0 is assumed constant. The ensuing theory predicts periodic maxima and minima of the energy profile at the surface in good agreement with experimental data under the reasonable assumption that the ablation process ejects more matter where the energy is greater. Surface roughness is confined in a thin region above the surface in which a fraction of the volume is randomly filled. The thickness of this region is significantly smaller than the incident beam wavelength.
The second ingredient consists of using Drude's model for the complex permittivity to account for the excitation of the material 20 ,
with the permitivity of the non excited material , the collision frequency γ = 1/τ D defined as the inverse of the Drude damping time τ D and the plasma frequency ω p expressed as
where e is the electric charge, N e is the electronic density in the conduction band and m * opt m e is the effective optical mass of the electron. The dimensionless parameters ω p /ω and γ/ω as well as ω will be used hereafter to characterize the different physical regimes. For small plasma frequencies, ω p /ω 1, or low excitation densities N e , the theory predicts structures parallel to the incident beam polarization with Λ ∼ λ/Re(ñ). In contrast, for large plasma frequencies, or high excitation densities, the light-matter interaction generally leads to structures perpendicular to the incident polarization direction with a Λ ∼ λ. These early observations/simulations were all performed for values of γ/ω ∼ 0.4 or slighly larger. However, the parameter γ/ω is linked to the relaxation of the electron density and is expected to vary for different materials of interest 21 . The goal of our study is to explore a wider part of the parameter space.
III. THE NUMERICAL IMPLEMENTATION
We follow the lead of Skolski et al. 22 who were recently successful in numerically modelling the formation of LIPSSs with a FDTD solver 23, 24 . We thus use this method for its versatility and adapt it to explain the formation of the cross-superposed LIPSSs. ary of the domain. Also, to reduce unwanted boundary effects, only a central 28x28 wavelengths sub-domain is used in the subsequent analysis. The surface rugosity is modeled by a small region −δ < z 0 with a surface content following a random binary function. Specifically, on the surface, one random computational cell out of ten is filled with material. The geometry and the discretization are displayed in Figure 1. A plane wave is then propagated on the spatiotemporal grid in the +z direction with a linear polarization along the x axis. The region z 0 consists of a material with permittivity˜ = +˜ Drude where the nonexcited material contributes the constant . The samẽ accounts for the surface material. The values of the refractive index used in this work are shown in Figure 2 , withñ =˜ 1/2 .
To obtain Figures 3, we perform 50 simulations for each pair (ω p /ω, γ/ω) with a reshuffled rugosity and apply a bi-dimensional Fourier transform on the function | E| 2 x,y which is the squared electric field evaluated at z = +δ averaged over the second half of the time domain, i.e.
Finally, we average over the 50 Fourier transforms for each pair of parameters to obtain smoother results. Notice that we evaluate the solutions at z = +δ (corresponding to 40 nm for a 800 nm laser source) in order to alterate or prevent any effects related to the specific representation of the surface roughness. One also recalls, as discussed by Skolski et al. 19, 22 , that both the FDTD and the analytic Sipe solutions are quite similar at z = 0. However, the Sipe equations are not amenable to extensions, a notable adventage of the latter approch.
B. Formation of cross-superposed LIPSSs
Our simulations show two qualitatively different types of behavior depending on the parameter γ/ω. The case Figure 3(k) ), where the real and imaginary parts of the refractive index are nearly equal and small (see Figure 2 ).
C. Collective effects of single scatterers Figure 3 shows results of incident light interacting with a large number of surface inhomogeneities or scatterers. We can reduce the problem to a single scatterer to isolate the contribution of the SPPs produced around one single inhomogeneity. We have therefore performed a number of simulations with an inhomogeneity positioned at the center of the surface and a domain of , we obtain a pair of SPPs propagating along the x axis (p-polarized SPPs), a pattern similar to experimental results of laser processed surfaces around single nanoparticles 18 . If every scatterer produces a similar pattern, we can assume that the LSFLs are the collective effect of a large number of p-polarized SPPs excitations. With the pair of parameters (γ/ω, ω p /ω) = (1/16, 1.9) that should lead to the formation of cross-superposed LIPSSs, we obtain the same p-polarized SPP along the x axis and a similar s-polarized excitation along the y axis as seen on Figure 4(c) . This latter excitation cannot be a SPP since s-polarized SPPs can only propagate on metamaterials which exhibit a negative permeability 26 . This can be shown by solving Maxwell's equations in a 2D domain near the interface. In the plane x = 0, a s-polarized surface mode is described by
where wavenumbers (k z1 , k z2 ) ≥ 0 represent the exponential field decay away from the surface. Using equation 2, we find the magnetic field
with the material's permeability µ 1 . The phase matching condition is obtained by equating the tangential fields at z = 0,
Phase matching is then possible when µ 1 is negative. But since our simulations use µ 1 = µ 0 , we find that the phase matching condition is k z1 = k z2 = 0 meaning that the s-polarized mode excited along the y axis is not confined near the surface and so, is not a SPP. This result is coherent with the fact that this excitation occurs where the imaginary part of the refractive index is still small implying a nearly lossless material. This can be verified by looking at larger values of z. We observe a strong attenuation of the x axis SPP beyond z > 3δ together with an increasingly dominant y axis excitation as we look deeper in the bulk as seen on Figure 4 (d).
IV. CONCLUSIONS
The formation of cross-superposed LIPSSs has been demonstrated using FDTD simulations of the Sipe-Drude theory. We have found that these structures appear for approximatively γ/ω < 1/4 with the excitation of ppolarized SPPs along the x and a s-polarized mode not confined at the surface along the y axis. It has also been shown that these two spatially orthogonal modes can be of similar periodicity and amplitudes near the surface. To validate the numerical model and to assert the observability of these new structures, we have initiated an experimental study on glassy materials. This will be reported in a separate contribution.
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